Abstract: Inverse imaging is a versatile technique for sectional image reconstruction in optical scanning holography. However, the matrix computation involved in the iterative process imposes a significant constraint on the size of the images. In this work, we develop a fast iterative method that circumvents the problem by taking advantage of the structures in the matrices. Experimental results show that we can handle large-size images about 64 times the previous size with a comparable amount of computation.
Introduction
The advantage of optical scanning holography (OSH) is that the entire three-dimensional (3D) volume of an object is recorded into a 2D hologram by lateral scanning [1] . Reconstruction methods have been proposed to obtain the sectional images in a hologram. Among them, the conventional method employs the complex conjugate impulse response to reconstruct sectional images. The Wiener filter [2] and the Wigner Distribution Function (WDF) [3] have also been used. But Wiener filter requires the noise spectrum, which is not observed during the acquisition of a hologram. Meanwhile, with the WDF, the huge computational burden and the interference terms known to exist with additive terms also limit the complexity of the hologram.
Analyzing the reconstruction as an inverse problem and conducting the reconstruction by inverse imaging is recently shown to be the most versatile, and it can handle more complicated holograms [4, 5] . However, the existing major limitation of this work is the significant computational load involved in the matrix multiplications. In this paper, we analyze the special structure of the matrices and improve the reconstruction by fast iterations to speed up the computation and allow for larger size images.
Imaging Model
Poon illustrated an OSH system and analyzed it in details [6] . Because OSH is a linear space-invariant system [7] , we can use the convolution operation to describe a hologram. Furthermore, the convolution can be represented by a matrix multiplication. Suppose the hologram contains two sections at z 1 and z 2 . We use a lexicographical ordering to convert sectional intensities at z 1 and z 2 into vectors and denote them as ψ 1 and ψ 2 respectively. Similarly, we convert the observed hologram, g c (x, y) into a vector and refer to it as γ c . We then form two matrices, H 1 and H 2 , using values from point spread functions at z 1 and z 2 respectively, so that a hologram is related in the form of matrices as [4] 
We take noise into account and simplify Eq. (1) further by writing
where
T and n stands for the noise. Finding ψ from γ c is therefore an inverse imaging problem. Note that this formulation can be extended for multiple sections.
Computational Considerations and Improvements
Because of the ill-posed nature of the inverse imaging problem, we can only find an approximation of ψ in the equation [8] . Regularization is employed to obtain the solution. We formulate the image reconstruction as an optimization a376_1.pdf DMA3.pdf problem [9] , which seeks to minimize
Re[·] and Im[·] means taking the real and imaginary parts, respectively. · denotes the L 2 norm, C stands for the Laplacian operator, and λ is the regularization parameter. We use the conjugate gradient (CG) method to solve the set of linear equations [10, 11] . Because both H 1 and H 2 are block-circulant-circulant-block (BCCB) matrices if we assume periodic extension on the boundary [12] , we can convert it to an implementation using fast Fourier transform [13, 14] . We take an example to illustrate the technique. Suppose a BCCB matrix K mn is an m × m block circulant matrix with n × n circulant blocks and a vector y is of length m × n. That is,
, and k = m × n.
The BCCB matrix-vector product Ky can be calculated as follows. Both y and the first column of the BCCB matrix K are arranged into m × n matrices, Y (0) and K (0) . They are
, and
c i,(j) means the ith element of the first column of the jth block in K matrix. The convolution of Y (0) and K
is computed by the inverse Fourier transform of a multiplication in the Fourier domain. After stacking the resulting convolution matrix into a vector through row-by-row, the final vector will be equal to the product Ky. can be calculated by the method we describe above. We further note that A is a block matrix with four BCCB submatrices. Vectors ψ 1 and ψ 2 come from the real sectional images. The product of each submatrix with a vector can therefore be calculated in a similar manner. Since the calculation in the Fourier domain replaces the multiplication in the space domain, we do not need to render the huge matrices A and C. A moderate amount of memory is enough to store these matrices. Fig. 1(a) is the specimen, in which two elements are at z 1 and z 2 section, respectively. Shown in Fig. 1(b) is the sine hologram.
Results
The experiment is performed on the synthetic specimen drawn in Fig. 1(a) , which contains two elements in two distinct sections, z 1 = 10mm and z 2 = 11mm, from the scanner of the OSH system. The two sections are scanned to generate a hologram by a HeNe laser. The size of sectional images in the specimen is 512 × 512, which is 64 times larger than our previous experiment reported in [4] . Optical scanning technique generates the complex hologram of a376_1.pdf DMA3.pdf (a) (b) Fig. 2 . Reconstructed sections by the conventional method on the hologram containing two sections. Fig. 2(a) is the reconstructed result of z 1 section and Fig. 2(b) is that of z 2 section.
(a) (b) Fig. 3 . Reconstructed sections by the improved inverse imaging method from the hologram with two sections. Fig. 3(a) is reconstructed section at z 1 and Fig. 3(b) is the one at z 2 .
the specimen. Fig. 1(b) presents the real part of the hologram (which is called the sine hologram [6] ). Visually, it is hard to figure out any intensity distribution information of the two sections.
To obtain the sectional information from the complex hologram, reconstruction methods discussed above are implemented. The conventional method takes use of the convolution of the complex hologram with the conjugate impulse response at the focusing position to reconstruct the focused sectional image. Results by this method are shown in Fig. 2 , in which Fig. 2(a) corresponds to the reconstructed section at z 1 , and Fig. 2(b) to the one at z 2 .
The inverse imaging method is also used on the specimen. The reconstructed images are shown in Fig. 3 . As shown, each reconstructed section is hardly influenced by the defocus noise, and the element in each is clearly recovered. Signal-to-noise ratio (SNR) between the original sections and the recovered ones is 27.97 dB at z 1 and 27.12 dB at z 2 . The time consumed in the reconstruction is 172 seconds and the number of iterations is 50. The experiment demonstrates that the reconstruction can recover sectional images without visible influence of defocus noise. Moreover, the use of features of BCCB matrix makes it possible to perform the reconstruction on a personal computer even when the size of the reconstructed sectional images is large.
Conclusions
OSH system is applicable to record the 3D volume information of an object, but requires computation to reconstruct the sectional images. Inverse imaging method is useful to achieve the reconstruction. We show that it is possible to avoid the storage of huge matrices and replace the matrix multiplication with the elementwise product in the Fourier domain making use of BCCB matrix.
